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£h '. Abstract 
3 ■ 

The anomaly of a discrete symmetry is defined as the Jacobian of the path- 
integral measure. Assuming that the anomaly at low energies is cancelled by the 
\ Green-Schwarz (GS) mechanism at a fundamental scale, we investigate possible Kac- 

J> ' Moody levels for anomalous discrete family symmetries. As the first example, we 

consider discrete abelian baryon number and lepton number symmetries in the min- 
, imal supersymmetric standard model with the see-saw mechanism, and we find that 

£Nj \ the ordinary unification of gauge couplings is inconsistent with the GS conditions, 

indicating the possible existence of further Higgs doublets. We consider various 
. recently proposed supersymmetric models with a non-abelian discrete family sym- 

metry. In a supersymmetric example with Qq family symmetry, the GS conditions 
O ' are such that the gauge coupling unification appears close to the Planck scale. 
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1 Introduction 



Though the standard model (SM) is very successful, it possesses many unsatisfactory 
features. One of them is the redundancy of the free parameters in the Yukawa sector. 
There exist (infinitely) many physically equivalent Yukawa matrices that can produce 
the same physical quantities, such as the fermion masses and mixings. Since there is no 
principle to fix the Yukawa structure in the SM, the SM must be extended to impose a 
family symmetry in order to reduce the redundancy of the parameters. Recently, non- 
abelian discrete symmetries have been used to extend the SM. [U EJ [3], HI EJ EJ [7] 

Another unsatisfactory feature of the SM is the fine-tuning problem of the Higgs mass, 
which can be softened by supersymmetry (SUSY). Moreover, successful gauge coupling 
unification in the minimal supersymmetric standard model (MSSM) seems to support the 
existence of low-energy SUSY. However, the situation is not this simple, because SUSY 
is broken at low energies. It is widely believed that to maintain the nice renormalization 
property of a supersymmetric theory, SUSY must be broken softly. It is known that there 
are more than one hundred soft breaking terms and, unless they are fine-tuned, they 
create large flavor changing neutral currents (FCNC) and CP violations. Fortunately, 
however, this SUSY flavor problem can be softened by a non-abelian family symmetry [8| 

The above cited facts suggest that a family symmetry could cure certain pathologies 
of the SM and MSSM. This leads us to conjecture that a family symmetry consistent at 
low energies is a remnant of a symmetry of a more fundamental theory. If this is the case, 
the symmetry should be anomaly-free, at least at a fundamental scale. This provides 
the motivation to investigate anomalies of the discrete family symmetries of recently 
proposed models. In this paper, we assume that the anomaly of a discrete symmetry 
at low energies is canceled by the Green-Schwarz (GS) mechanism pi [Hll E] at a more 
fundamental scale. In this scenario, the Kac-Moody fcj levels play an important role, 
and if the Kac-Moody levels assume non-trivial values, the GS cancellation conditions of 
anomalies modify the ordinary unification of gauge couplings. Note that it is impossible to 
construct a realistic, renormalizable model with a low-energy non-abelian discrete family 
symmetry in the case of the minimal content of the SU(2)l Higgs fields. However, an 
extension of the Higgs sector may spoil the successful gauge coupling unification of the 
MSSM. Therefore, a possible change of the ordinary unification condition because of the 
existence of nontrivial Kac-Moody ki levels is consistent with the assumption regarding 
the existence of a low-energy non-abelian discrete family symmetry. 

The anomalies of discrete symmetries have been studied in Refs. [T2"l [T5| [HI [T2] . In 
those papers, it is assumed that all discrete symmetries at low energies are gauged at 
high energies, as in the case of Ref. [16]. In other words, it is assumed that to survive 
quantum gravity effects, such as wormholes,[T7] all low-energy discrete symmetries must 
be generated from a spontaneous breakdown of continuous gauge symmetries. 

In §2, using Fujikawa's method, [T5] we calculate the Jacobian of the path-integral 
measure of an anomalous abelian discrete symmetry. We do this to recall and to demon- 
strate that the Jacobian can be calculated for a finite discrete transformation parameter. 
In §3, we use the result of §2 to calculate the Jacobian for a non-abelian discrete transfor- 
mation. Anomaly cancellation is studied in §5. First we recall the case of an anomalous 
£7(1), and then we extend the cancellation mechanism to the case of discrete symmetries. 
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In contrast to the treatment of Ref . [H] , we do not assume that the discrete symmetry in 
question is not a remnant of a spontaneously broken continuous symmetry. As the first 
example, we consider discrete abelian baryon number and lepton number symmetries in 
the minimal supersymmetric standard model with the see-saw mechanism in §6. We find 
that the GS cancellation conditions can be satisfied if k-&jki = even/odd. This implies 
that the ordinary unification of gauge couplings is inconsistent with the GS conditions, 
indicating the possible existence of further Higgs doublets. We investigate the unification 
of gauge couplings for kz/kz = 2 and find that the unification scale appears close to the 
Planck scale for three pairs of SU(2)l doublet Higgs supermultiplets. Recently developed 
models with D 7 , A 4 and Qq symmetries are treated in §7, and §8 is devoted to a summary. 



2 Anomalies of Abelian discrete symmetries 



An anomaly is a violation of a symmetry at the quantum level. In the case of a continuous 
symmetry, an anomaly implies that the corresponding Noether current is not conserved. 
For discrete symmetries, however, we cannot define an anomaly in this way, because there 
are no corresponding Noether currents. However, Fujikawa's method, [18J which is based 
on the calculation of the Jacobian of the path-integral measure, can be used to define the 
anomalies of discrete symmetries. As we see below, the calculation used in this method 
is basically the same as that of the conventional method. 

Let us start by considering a Yang-Mills theory with massless fermions ip in Euclidean 
space-time, which can be described by the following path-integral with the Lagrangian: 



VipVip exp 
1 



d xC 



C = i$]p1>-—Tr[F> a 'Fr,), 



D, 



A, 



- d^A u — d v A^ — i[A.n A v ], 
gT a A a , Tr [T a T b ] - 1 



2 5 ' 



(1) 

(2) 

(3) 
(4) 

(5) 



here we have dropped the path-integral measure of the gauge boson A^, because it does 
not contribute to the anomaly. Then we carry out the chiral phase rotation 



tp — > tp 



(6) 



where a is a finite discrete parameter. Under this transformation, the Lagrangian is 
invariant. Next we consider the transformation properties of the path-integral measure. 
To this end, we follow Ref. [18J and define the eigenstates ip n {%) oiJp, i.e., 



lp<p n {x) = X n (p n (x), <pilp = \ n ipl(x), 



(7) 



through the relations 



X 
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d 4 x (p* n4 (x)(p mji (x) = 6 nm , (9) 

J2 fn,i( x )flAy) = M 4 - y)> ( 10 ) 

n 

where i and j are spinor indices. The Jacobian of the path-integral measure for the above 
transformation, which is defined as 

V^Vil) -> VtfVil) = -VtpV4>, (11) 

J 

can be written as 

J- 1 = jdet J d 4 x <p1j(x) [e ia ^]..<f mtj (x)\ * = [det C nm \~\ (12) 

where 

C nm = fd 4 x ¥ >l i (x)\e ia ^].. ¥ > mj (x). (13) 
The quantity C nm is defined as the expansion 

C nm = Snm + J^X ^{x) [iajs]^ ip m> j(x) 

/I 
d A x (plj(x)— [i«75]y ¥w(z) 

/l 
^ ri.iWgj [»a75]y ¥w(z) + • • -. (14) 

To proceed, we first derive the following identity by using the completeness relation given 
in Eq. (JTD]): 



d A x J d A y ifl^x) [ia'y B ] ij 6 jh 6 4 (x-y) [ia^] kl (p m ,i{y) 
d 4 x J d 4 y (pl ti (x) [ia75]i j <Ppj(x)(pl tk (y) [ia-y 5 ) H ip m> i{v) 

C n pCp m C nm , (15) 

where 

Cnm = J fx ifUx) [ia l5 \ ijVm ^x). (16) 
In a similar manner, we can prove the identity 

d A x (plj(x) [iorsly <Pmj{x) = C* m . (17) 
Therefore we can rewrite Eq. (|14j) as 

d 4 xifl l (x)(e^) i ^ m ,(x) = S nm + C nm + ^C 2 nm + ^C 3 nm + --- . (18) 
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Then we use det A = exp{Tr In A} to obtain 

J- 1 = det||d 4 x^(x)(e^ 5 ) y .^ mj (x 
= exp | -2 jr J d A x (fi ti (x) [iarys]ij 



(19) 



Note that in obtaining Eq. (1191 we did not assume that the transformation parameter a 
is infinitesimal. 

Next we use the quantity 



lim e" (A " /A)2 

A^oo 

as a regulator for the divergent summation, and we find 

J -1 = exp < — 2 lim / d A x ^ ni {x)[ia^^]ije~ 



(20) 



(An/A) 2 



L Pn,j{X) 



exp < — 2i lim Tr / x , 
H \ a^oo 7 (2tt) 4 



exp | — 2i ^lim Tr J 



x exp 



(2vr) 4 
1 



d 4 x «7 5 



-(^/A) 2 ^ 



A 2 



-^k, + D,f- l l [^Y]F,u]}}. (21) 



Since we are working in the Euclidean space-time, we have the metric g^ u = diag(— 1, —1,-1,-1) 
As is well known. [T8] the limiting procedure yields 



(22) 



J' 1 = exp j-i | rf 4 x ^Tr [e^F^F^ . 
In this way we can define anomalies of discrete symmetries. 



3 Anomalies of non-Abelian discrete family symme- 
tries 



We start with the Lagrangian 



C = tyjfty - —Tr[F^(L)F^(L)] 



2gl 



2g% 



TrlF^F^R)], 



D, = d»- iLlT a L P L - iIp%P R 



(23) 
(24) 



which describes an SU(Nl) x SU(Nr) chiral Yang-Mills theory. Here L a (R a ) are gauge 
bosons that couple to the left-handed (right-handed) fermions, and Pl and Pr are the 
projection operators on the left-handed and right-handed pieces, respectively. Then we 
consider the non-abelian discrete chiral transformation 



JXP L +iYP R 



ij,a/3 



$i,0, 



(25) 
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where X and Y are matrices that act on the family indices a, (3 = 1 — 3. This transfor- 
mation is a unitary transformation that does not mix the left-handed and right-handed 
fields. Accordingly, we define the following phases: 



e iaL = det(e iX ), e iaR = det(e iy ), 



a L = Tr(X), a R = Tr(Y). 

In contrast to the previous case, we introduce two complete sets of eigen-states: 



(26) 
(27) 

(28) 
(29) 



Using these expressions, we then calculate the Jacobian for the transformation ( 1251) . where 
we denote the Jacobian for Dip by j and that for Dip by j, so that the total Jacobian J 
is given by jj. After calculations similar to those in the abelian case, we find 



JXP L +iYP R 



det / d 4 x fi t i ta (x) 
exp j-z y cfx ¥»i, itQ (a:) [XP L + YP R ] ijaf3 (p mJ A x )} 

exp (-i lim Tr / / d 4 x e~ lkx [XP L + FP fl ] e -WPI*?) e **\ , (30) 

A^oo J (27r) 4 J j 



and 



det / d 4 x (fi^ i a (x) 



-iXP R -iYP L 



ij,a(3 



exp jz J d A x <fil ha (x) [XP R + YP L ]^ 



f3<Pm,jA X , 



l v T f d ' k 

exp < ? hm lr / -. — —r 

F \ A-oo J (2tt) 4 



d 4 x e~ tkx [XP R + KPx] e -(W>7A a ) e <to L ; ( 31 ) 



where Tr stands for the trace over the spinor, family and Yang-Mills indices. Carrying 
out the trace in the family space, we obtain 



J 



1 = exp \ -i lim Tr / —— / d A x e~ lkx [a L P L + a R P R ] e 
[ a^oo j {It:) J 



(32) 



where use has been made of Eqs. ( )26l) and ( 1271) . In the same way, we obtain a similar 
expression for j . The rest of the calculations are very similar to those in the previous 
case, and we finally obtain the total Jacobian, 



J 



-i 



rT 1 



exp (i J d 4 x^Tre^ [a L F^(L)F pa (L) - a R F pu {R)F p(7 {R)}} , (33) 



where 



F pv {L) = d p L v - d v L p - i[L p L v \ 
F pv {R) = dfj,R u — d u R p — i[R p R p 



(34) 
(35) 
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Here, an and ai are the phases of the transformation matrices defined in Eq. (|26|) . which 
need not be continuous nor infinitesimal. These phases correspond to the abelian parts 
of the non-abelian discrete family transformations. Therefore, to calculate the anomaly 
of a non-abelian discrete family symmetry, we only have to take into account its abelian 
parts. We will consider specific examples in the later sections. 

4 Pontryagin index 

The expression 

/ d ' X 32^ Tr ^ UpaF ^ ( 36 ) 

in Eq. ( 1331) is called the Pontryagin index, which is an integer v. For the case ai 7^ and 
olr = 0, for instance, the Jacobian becomes 

J -1 = exp{i«LZ/}. (37) 

Since only the abelian parts of a non-abelian discrete family symmetry contribute to the 
anomalous Jacobian, the phase has the form 

a L = J2 {2*/Ni) y Zqi, i , (38) 
1 i 

where we have assumed that the abelian parts can be written as H-i=iZ^ n and qi^ repre- 
sents the charge of Z^ r Therefore, we obtain J -1 = 1 if the relation 

= riV 7 (r = 0,±l,±2---) (39) 

is satisfied for each /. 

5 Anomaly cancellation and gauge coupling unifica- 
tion 

In the previous sections we have seen that anomalies of discrete symmetries can be defined 
as the anomalous Jacobian of the path-integral measure. In this section, we study how 
an anomaly can be canceled by the Green-Schwarz (GS) mechanism. [91 [TUl [TT] First, we 
review the GS mechanism for an anomalous U{Y)a symmetry, and then we apply the GS 
mechanism to discrete symmetries. 

5.1 Green-Schwarz mechanism 

String theory when compactified on four dimensions usually contains anomalous U(l) 
local symmetries. Consider a supersymmetric Yang-Mills theory based on a gauge group 
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Q ® U(1) A , where U{1)a is assumed to be anomalous. The U{1)a gauge transformation 
is defined as 



$ _^ e -*A $) (40) 
V A ^V A + i(A-A), (41) 

where $ and A are chiral supermultiplets and Va is the vector supermultiplet of U(1) A . 
The anomaly for this transformation is calculated in Ref. [19]. Using the result of Ref. [T9] , 
we find that the anomalous Jacobian for the [Q] 2 x U(1)a anomaly, for instance, is given 
by 

J- 1 = exp j-U J d 4 xd 2 9 Tr [AW^Wj^j , (42) 

where A is the anomaly coefficient for [Q] 2 x U(1) A and W is the chiral supermultiplet of 
the gauge supermultiplet corresponding to the gauge group Q. This anomaly is canceled 
by the gauge kinetic term, 

kTr [SW a W a ] F , (43) 
if we correspondingly shift the dilaton supermultiplet S as 

S -> S' = S + i^A, (44) 
k 

where k is the Kac-Moody level. We must simultaneously modify the transformation 
property of the dilaton supermultiplet S to restore the invariance of its Kahler potential. 
At the quantum level, the Kahler potential is modified to include SqsVa in the logarithm: 

K = \n(S + S-6 GS V A ). (45) 
Thus, the Kahler potential is invariant if the relation 

j = S GS (46) 

is satisfied. 

In the case Q = SU(3)c ® SU{2) L eg) U(l)y, there exist various possibilities for the 
anomaly: [SU(3) C } 2 x U(1) A , [SU(2) L ] 2 x U(1) A , [U(l) Y ] 2 x U(1) A , [U(1) A ] 3 and 
[gravity] 2 x U(1) A . If we denote the respective anomaly coefficients by .A3, A2, Ai, A A , 
and Aq, then the anomaly cancellation conditions are given by 

A3 = A2 = Ai = A A = Ag = 

k 3 k 2 h k A 12 GS ' [ ' 

Note that the Kac-Moody levels of a non-abelian group are positive integers, while there 
is no restriction on the Kac-Moody levels for an abelian group. 
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5.2 Gauge coupling unification 



Next we consider the above discussion in terms of the component fields to determine the 
relation of the Kac- Moody levels to the gauge coupling unification. To this end, we define 
S\ e= g =0 = ip + irj and A\ g= g =Q — <fi + i£. For the axion field rj, the shift (JHJ) corresponds 
to 

v ->ri' = r] + <p5 GS} (48) 
and the VEV of the dilaton field <p is merely the string coupling, i.e., 

(<p) = 4r- (49) 

Also, the gauge couplings $ are related to the string coupling according to 

iK- (50) 

Therefore, the conditions for the gauge coupling unification of the SM gauge couplings 
can be written as 

hgl = hgl = hgl = g 2 st (51) 



at the string scale. It is therefore clear that the anomaly cancellation conditions (1471) have 
a non-trivial influence on the gauge coupling unification. 



5.3 The GS mechanism for discrete symmetries 

Here we extend the GS mechanism to the case of discrete symmetries. Unlike Ref . [H] , we 
do not assume that the discrete symmetry in question arises from a spontaneous break- 
down of a continuous local symmetry. We instead assume that the anomalous discrete 
symmetry at low energies is a remnant of an anomaly-free discrete symmetry, and that 
its low energy anomaly is cancelled by the GS mechanism at a more fundamental scale. 
In superstring theory when compctified on a six- dimensional Calabi-Yau manifold, for 
instance, there indeed exist certain non-abelian discrete symmetries. |21j 
We consider the transformation 

$ -> e - iQ $, (52) 



in a supersymmetric gauge theory in order to determine how to cancel the anomaly. As 
in the previous case, the transformation parameter a is discrete, i.e. a = and V is 
the vector supermultiplet of the gauge group. The anomaly of this transformation has 
the same form as f|42l : 

J- 1 = exp 1-iA f d 4 xd 2 6 Tr [a^ a W a ] F ) , (53) 
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which is also canceled by the gauge kinetic term. In this case, however, the dilaton 
supermultiplet must be shifted by only a constant amount a, i.e., 



S -> S' = S + i^a, (54) 
k 

for the cancellation mechanism to work. This means that because a is a constant, in- 
dependent of x and 9, only the imaginary part of the scalar component of S, which is 
the axion field, should be shifted. Note that the Kahler potential (Hoi) does not depend 
on Sqs because the vector supermultiplet does not change under the transformation Eq. 
(j52p . Therefore, the anomaly cancellation conditions for the SM gauge group are 

A3 = A2 = Ax = Ag (55) 
k 3 k 2 h 12 ' [ ' 

where ^.3, A2, A\ and Ag are the anomaly coefficients of the anomalies [SU(3)c] 2 X Zn , 
[SU(2) L ] 2 x Z N , [U(l) Y } 2 xZ N and [gravity] 2 x Z N , respectively. Because the [f/(l)y] 2 x 
Zn anomaly does not yield useful constraints on the low-energy effective theory, and we 
cannot calculate Ag for the low-energy effective theory, we do not consider them when 
studying models in the next section. However, massive Majorana fields can contribute to 
A2 and A3 for even N, because Majorana masses are allowed by the discrete symmetry if 
the Majorana fields belong to real representations of SU (2) l and SU (3)c- [ 14J Taking into 
account the contributions from the massive fields, we arrive at the anomaly cancellation 
conditions [H] 

with integer p and q, where pN/2 and qN/2 take into account the possible contributions 
from the heavy fields. 

In this section, we have applied the GS mechanism to an abelian discrete symmetry. 
In §7, we consider anomaly cancellation of a non-abelian discrete family symmetry. As 
we have seen in §3, however, only the abelian parts contribute to the anomaly, even if we 
consider a non-abelian discrete family symmetry. Hence, Eq. f l5T)|) can also be applied to 
the case of a non-abelian discrete family symmetries. 



6 Anomalies of accidental symmetries 

As an example of anomaly cancellation for discrete symmetries, let us consider the baryon 
and lepton number symmetries in the MSSM with R-parity, in which the see-saw mecha- 
nism is implemented to generate neutrino masses. The baryon number U(1)b is conserved 
at the classical level, while the lepton number U(1)l is not conserved because of the Ma- 
jorana masses of the right-handed neutrinos. However, its abelian discrete subgroups, 
{Zn)l with even N, are intact at the classical level. In the following discussion, we first 
investigate anomalies and their GS cancellation conditions for abelian discrete subgroups 
(Zm)b °f U{1)b and (Zn)l. Then we study how the GS cancellation conditions influence 
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Table 1: The {Zn)l and (Zn)b charges. N is even and a, b, c, ■ ■ -p — 0, 1, 2 • • •. 





Q 


U c 


D c 


L 


E c 






H d 


(Z N ) L 


aN 


bN 


cN 


f + diV 


f + eN 


% + fN 


gN 


hN 


(Zm)b 


B + iM 


-B+jM 


-B + kM 


IM 


mM 


nM 


oM 


pM 



gauge coupling unification. The (Z N ) L and (Z M ) B charges of the supermultiplets of the 
MSSM are given in Table HJ 

The anomaly coefficients for (Z N ) L are found to be 

N 

2A 3 = — [12o + 66 + 6c], (57) 
2A 2 = —[18a + 3 + Qd + 2g + 2h}. (58) 

Therefore, the GS cancellation conditions become 

&3 12a + 66 + 6c even 



k 2 18a + 3 + Qd + 2g + 2h odd 



(59) 



Note that k$ = k 2 = 1 is not a solution. In a similar way, we can calculate the anomaly 
coefficients for (Zm)b, and we find 

k 3 _ 9B + (9z + 3£ + o + p)M _ even or odd 
k 2 (6i + 3j + 3k)M even or odd' 

As it is believed to be difficult to build realistic models with higher Kac-Moody levels in 
string theory, we seek solutions to (1591) and (160]) with lower levels. The solution with the 
lowest levels that satisfy the conditions (1391) and ( 1601) simultaneously is k 3 = 2, k 2 = 1, 
which yields the gauge coupling unification conditions 

2^ 2 = 9% = hgl = g 2 st , (61) 

where k\ is arbitrary. Figure [T] plots the ratios g\j g\ (upper curves) and g\j g\ (lower 
curves) as functions of the energy scale. The solid curves correspond to the case with 
one pair of SU{2) L doublet Higgs supermultiplets, the dotted curves to the case with two 
pairs, and the dashed curves to the case with three pairs. (We denote the number of the 
Higgs pairs by H higgs .) We see from Figured] that the ratio g\j g\ with H higgs = 3 becomes 
close to 2 at the Planck scale, Mpi = 1.2 x 10 18 GeV. For H^ ggs = 1 and 2 there is no 
chance for the ratio to become close to 2 below or near Mpl- In Figure [2] we plot the 
running of (ai/ci) _1 , (a^A^) -1 and (a^Zcs) -1 with fc 3 = 2, k 2 = 1 and k\ = 2.25 in the case 
-hhiggs = 3. As we have seen above, the GS cancellation conditions of anomalies have 
a nontrivial influence on the gauge coupling unification, and hence the number of Higgs 
supermultiplets. 
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Figure 1: The ratios g\lg\ (upper curves) and g\jg\ (lower curves) as functions of the energy scale. 
The solid curves correspond to the MSSM+j/r case, the dotted curves to the case with -ffhiggs = 2, and 
the dashed curves to the case with -f/higgs — 3. 



50 



40 



30 



6' 



20 



10 



1 1 1 jl 1 1 1 1 1 
(cijkj) 
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k 1= 2.25 - 


" (« 2 k 2 ) _1 


H.. =3 k=l 

higgs ^2 

k 3=2 - 


" («3 k 3)"^^^^ 

,1,1,1,1, 


1,1,1,1,1,1,1, 



10 12 14 16 18 20 22 24 

LOG 1Q (A/GeV) 



Figure 2: The running of (aifa) \ (a 2 k 2 ) 1 and (a 3 k 3 ) 1 with k 3 = 2, k 2 = 1 and k\ = 2.25 in the 
case with -f/higgs = 3. The unification scale is 10 18 GeV. 
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7 Models 



Recently, a number of models with a non-abelian discrete family symmetry have been 
proposed. P El El HI El El E] However, if only the SM Higgs or the MSSM Higgs are 
present within the framework of renormalizable models, any low-energy non-abelian family 
symmetry should be hardly broken to be consistent with experimental observations. That 
is, if a non-abelian discrete family symmetry should be at most softly broken, we need 
several pairs of SU(2)l doublet Higgs fields. This implies that the conditions of the 
ordinary unification of gauge couplings, i.e. k 2 = k 3 = fci(3/5), cannot be satisfied if we 
require a low-energy non-abelian discrete family symmetry. Fortunately, however, as we 
have seen, there is a possibility to satisfy the gauge coupling unification conditions with 
non-minimal Higgs content if the Kac-Moody levels assume non-trivial values. These Kac- 
Moody levels also play an important role in the anomaly cancellation (GS mechanism). 
In the following subsections, we calculate the anomalies of non-abelian discrete family 
symmetries for recently proposed models and investigate the gauge coupling unification 
conditions. 



7.1 D 7 model 

Let us first calculate the anomaly of the supersymmetric D-j model. [3, E] D-j has fourteen 
elements and five irreducible representations (1, 1 , 2, 2 , 2 ). This model uses the complex 
representation, [20] and thus the character table and the two-dimensional representation 
matrices of 2 follows: 



Table 2: Character table of Dj. 



class 


n 


h 


Xi 


Xi> 


X2 


X 2 ' 


X 2 " 




1 


1 


1 


1 


2 


2 


2 


c 2 


7 


2 


1 


-1 











c 3 


2 


7 


1 


1 


a\ 


a 2 


a 3 


c 4 


2 


7 


1 


1 


a 2 


a 3 


a\ 


C 5 


2 


7 


1 


1 


a-3 


Oi 


a 2 



a k = 2cos(^A;) 



C 2 : 
C 3 : 
C 4 : 
C 3 : 




6 uj = exp(27ri/7), 



(62) 
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The representation matrices for 2' and 2" are obtained from the cyclic rotation of C3, 
C4 and C5. -D7 has five kinds of transformation properties, corresponding to five classes. 
However, the transformation of C\ is the identity, and there is no difference among C3 — C5 
when we calculate the anomaly. Hence we consider only C2 and C3. Under C2 and C3, 
the irreducible representations transform as 



C 2 



2 

2' 



1 
1 



cj* 

LJ 7 - k 



cu 7 - fe 
u k 
u 7 - k 
1 

i— 1 1 ' 

e 2 1 1 



2 

2' 
2" 



(x; 6 


\ 


( ul 










I 




u 5 


\ 


( ^ 








^ 2 / 


I 


u 5 


u; 4 


\ 










u 3 


I 


u; 4 



1. 

1' 



(63) 



where /c = 1 — 7 and to = exp(27ri/7). As mentioned in §3, even if we calculate the 
anomaly of a non-abelian discrete family symmetry, only the abelian parts contribute to 
the anomaly. From Eqs. ( |62|) and ( |63l) . it is clear that the abelian parts of the C2 and C3 
transformations are Z2 and Z7, respectively. 

The authors of Refs. [5] and [6] introduce into this model the SU (2) l triplet extra Higgs 
supermultiplets ^, which have lepton numbers, and assume that all Higgs supermultiplets 
have generation as well as fermions. The assignment of the D 7 representations for each 
matter supermultiplet is presented in Table [3l □ 



Table 3: D 7 assignment of the matter supermultiplets. 





Qi,2 D c l 2 


U X,2 


L 2,3 -^2,3 


Q 3 Dl Ui L x El 


Tjd 
H l,2 




^2,3 


Tjd TTU C 


D 7 


2 


2' 


2" 


1 


2 


2" 


2" 


1 



7.1.1 Computation of anomaly coefficients 

Here we compute the anomaly coefficients for the C^iZ-j) transformations. These trans- 
formations have no anomaly, because the determinants of all C3 transformation matrices 
in Eq. (163!) are equal to 1. 

Next we compute the anomaly coefficients for the (^(i^) transformations. The first 
and second generations of QD C ,U C and H u H d are assigned to 2, 2 and 2 , respectively, 
and the third generation is assigned to 1. Hence, these supermutiplets transform as 



=1-3 



k 



( 

uJ 7 - k I ^ =1 _3. (64) 

V 1 / . 



1 In Ref. [5], the assignment for leptons is not specified. Therefore we employ the assignment for those 
supermultiplets given in Ref. [6]. 
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The determinant of this matrix is exp(27ri/2) = — 1, and therefore these supermultiplets 
contribute ^pl anomaly coefficients. Here we omit the factor, that is and hence the 
contributions of these supermultiplets are equal to 1. The second and third generations 
of L, E c and £ are assigned to 2 , and the first generation is assigned to 1. Hence, these 
supermultiplets transform as 



a=l-3 




13=1-3, 



(65) 



and contribute 1 as well. Using these facts, we can compute the anomaly coefficients and 
find 



2^3= [1-2 + 1 + 1] =4 (mod 2), 

2A 2 = [1 • 3 + 1 + 1 + 1] + 1 • 4 • 2 = 14 (mod 2) 



(66) 
(67) 



Here, we define ^.3 and A 2 as the anomaly coefficients of [SU(3)c] 2 x Z 2 and [SU (2) J 2 xZ 2 , 
respectively. The last term in Eq. fIBTj) is the contribution from the SU(2) l triplet Higgs 
supermultiplets. As we have seen in §4, these coefficients do not contribute an anomaly. 
Therefore this model is anomaly-free. 



7.2 A 4 model 

As the second example, we calculate the anomaly of the supersymmetric A 4 model. [I] 
A4 has twelve elements and four irreducible representations (1,1,1 ,3). This model also 
uses the complex representation, and thus the character table and the three-dimensional 
representation matrices of 3 are written as follows: 



Table 4: Character table of A4. 



class 


n 


h 


Xi 


Xv 


Xi" 


X3 


Ci 


1 


1 


1 


1 


1 


3 


c 2 


4 


3 


1 


us 


a; 2 





c 3 


4 


3 


1 


u 2 


LO 





c 4 


3 


2 


1 


1 


1 


-1 



Co 




1 

V 1 





1 
-1 

-1 

0-1 

1 
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c. 




(68) 



Ai has four kinds of transformation properties, corresponding to four classes. However, 
there is no difference between Ci and C3 when we calculate the anomaly. The abelian 
parts of C 3 and C 4 are Z 3 and Z 2 , respectively. 

The assignment of the A4 representations for the matter supermultiplets is given in 
Table [51 In addition, the authors of Ref. |T] introduce the extra leptons, quarks and Higgs 
supermultiplets listed in Table [6j 



Table 5: A4 assignment of the matter supermultiplets. 





Ql,2,3 -^1,2,3 


U{ D\ E\ 


U c 2 D c 2 El 


Ui Dl El 




A 4 


3 


1 


1' 


1" 


1 



Table 6: A 4 and SU(3)c assignments of the extra supermultiplets. 





W l,2,3 «i,2,3 


^1,2,3 ^1,2,3 


e l,2,3 e l,2,3 


N c 
1,2,3 


Xl,2,3 


A, 


3 


3 


3 


3 


3 


SU(3) C 


3 


3 


1 


1 


1 



7.2.1 Computation of anomaly coefficients 

We next compute the anomaly coefficients in the same way as in the case of D7. For the 
C 3 (C2) transformation, the supermultiplets that are assigned to 3 and 1 do not contribute 
to anomaly, because the determinants of these transformation matrices are equal to 1. 
Therefore, only 1 and 1 contribute to the anomaly coefficients. As we can see from 
Table E], the three generations of the right-handed quark and lepton are assigned to 1, 1" 
and 1 , respectively, and so they transform as 

1st t 1 -> 1, (69) 
2nd f 1 -> e^ 2 l', (70) 
3rd t l"^ e W. (71) 

Therefore, these representations do not contribute to the anomaly when we take into 
account all generations. 

On the other hand, there is no anomaly for the C 4 transformation, because all singlets 
do not transform, and the determinants of all transformation matrices of 3 are equal to 
1. Therefore this model is anomaly- free. 
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7.3 Qq model 

We finally calculate the anomaly of the supersymmetric Qq model. [4] All elements of Qq 
are constructed from combinations of 

_/ cos 6 sin 6 \ _ ( % \ , v 

A(36 - V -sin 06 cos 06 J, fi= ' BQ " I -i ) ' (72) 



6 



as follows: 

G = {E, A Q61 {A Q ,)\ • • • , (A Q6 f, B Q , Aq 6 Bq, (A Q6 ) 2 B q , • • • , (AqJ^q}. (73) 

Here, is the identity element. Q G has six irreducible representations, two doublets and 
four singlets: 

doublet t 2 2, (74) 
singlet t 1 l' l" l'". (75) 



The transformation properties of each irreducible representation are characterized by Aq g 
and Bq. For example, they can be written as follows: 

Aq 6 B q 



i -> i 
i' 



1 — > e e J 1 
1 — > e s d 










— z 







C 


-1 


1, 






1. 


e 4 d 


1", 


i^l 

e 4 1 


1"' 



(76) 



It is clear that the abelian parts of the Aq 6 and Bq transformations are equal to Z 6 and 
Z 4 , respectively, because we have 

(A Q6 r = E [B Q Y = E. (77) 

The assignment of the Qq representations of the matter supermultiplets is given in 
Tabled 



Table 7: Qq assignment of the matter supermultiplets. 





Ql,2 -^1,2 


U\ 2 D l,2 E ia N l,2 


TTU Tjd 

H ia -"1,2 


Q 3 L 3 


£>S ^3 ^ 3 C 


H$H$ 


Q 6 


2 


2' 


2' 


1' 


1"' 


1"' 
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7.3.1 Computation of anomaly coefficients 

The Aq 6 transformation properties of Q and L are given by 



1/2 y/3/2 

* a =i-3 -> I -V3/2 1/2 I ^=1-3- (78) 



1 



a/3 



Because the determinant of this matrix is equal to 1, Q and L do not contribute to the 
anomaly for this transformation. On the other hand, U c , D c , E c , N c , H u and H d transform 

as 

-1/2 y/3/2 
*«=i- 3 - I -VS/2 -1/2 | ^ =1 _ 3 . (79) 



e l ~ 



a/3 



These supermultiplets contribute 3 to the anomaly coefficients, and the anomaly coeffi- 
cients are found to be 

2A 3 = 0-2 + 3 + 3 = 6 (mod 6), (80) 
2A 2 = 0-3 + + 3 + 3 = 6 (mod 6). (81) 

As we discussed in §4, these coefficients do not contribute to the anomaly. 

In the same way, we can compute the anomaly for the transformation corresponding 
to Bq. Under this transformation, Q and L transform as 

/ i 

^ Q =i^3^ -i I ^ =1 _ 3 , (82) 
V e^ 2 

and U c , D c , E c , N c , H u and H d transform as 

I 1 ° 

^ a=1 _3-^ -1 j ^ =1 _ 3 . (83) 





The anomaly coefficients are found to be 

2A 3 = 2 ■ 2 - 1 - 1 = 2 (mod 4), (84) 
2A 2 = 2- 3 + 2-1-1 = 6 (mod 4). (85) 

Therefore the Z 4 part is anomalous. 

7.3.2 Cancellation of anomalies and gauge coupling unification 

As we have seen in the above subsections, the Z 4 part is anomalous, while the Z$ part is 
anomaly-free. This anomaly is canceled by the GS mechanism if the relation 

1 (mod 2) 3 (mod 2) 

-H— = (86) 
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Figure 3: The ratio g%jg\ (upper curve) and g%jg\ (lower curve) as functions of the energy scale. 
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Figure 4: The running of (aifci) -1 , {a 2 k 2 )~ 1 and {asks)' 1 with k 3 = 3, k 2 = 1 and k x ~ 1.63. The 
unification scale is 10 20 GcV. 
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is satisfied. For example, this is possible if the values of the Kac-Moody levels satisfy 
k 3 = k 2 or k 2 = 1(3) and k 3 = 3(1). Figure [3] displays the ratio of gauge couplings. For 
the case k 3 = k 2 and the case k 2 = 3 and k 3 = 1, the unification point of the SU(3)c and 
SU(2)l gauge couplings is far lower than the Planck scale. In the case k 2 = 1 and k 3 = 3, 
the SU(3)c and SU{2)l gauge coupling constants can be unified at a scale slightly higher 
than the Planck scale. In this case, it is also possible to unify U(l)y at the same point 
if we assume k\ ~ 1.63. Figure H] plots the running of the gauge couplings in the case 
k 3 = 3, k 2 = 1 and ki ~ 1.63. 

8 Summary 

In this paper, we have investigated the anomaly of discrete symmetries and their cancella- 
tion mechanism. We have seen that the anomalies of discrete symmetries can be defined as 
the anomalous Jacobian of the path-integral measure, and that if we assume the anomalies 
are canceled by the GS mechanism, the ordinary conditions of gauge coupling unification 
can be changed. For the discrete abelian baryon number and lepton number symmetries in 
the MSSM with the see-saw mechanism, we find that the ordinary unification conditions 
of the gauge couplings are inconsistent with the GS cancellation conditions, and that the 
existence of three pairs of SU{2)l Higgs doublets is a possible solution to satisfy the GS 
cancellation conditions and the unification conditions simultaneously. 

We have investigated the cases of several recently proposed supersymmetric models 
with a non-abelian discrete family symmetry. In the examples considered in this paper, 
the gauge couplings do not exactly meet at the Planck scale, but we think that the 
examples suggest the right direction. If we take into account the threshold corrections at 
Mpl, for instance, the conditions could be exactly satisfied. 
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